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Bi2Te3–Sb2Te3 nanostructures are gaining importance for use in thermoelectric applications following the
finding that the Bi2Te3–Sb2Te3 superlattice exhibits a figure of merit, ZT = 2.4, which is higher than con-
ventional thermoelectric materials. In this paper, thermal transport in the cross-plane direction for
Bi2Te3–Sb2Te3 nanostructures is simulated using the Boltzmann transport equation (BTE) for phonon
intensity. The phonon group velocity, specific heat, and relaxation time are calculated based on phonon
dispersion model. The interfaces are modeled using a combination of diffuse mismatch model (DMM),
and the elastic acoustic mismatch model (AMM). The thermal conductivity for the Bi2Te3–Sb2Te3 super-
lattice is compared with the experimental data, and the best match is obtained for specularity parameter,
p, of 0.9. The present model is extended to solve for thermal transport in 2-D nanowire composite in
which Sb2Te3 wires are embedded in a host material of Bi2Te3. Unlike in bulk composites, the results
show a strong dependence of thermal conductivity, temperature, and heat flux on the wire size, wire
atomic percentage, and interface specularity parameter. The thermal conductivity of the nanowire is
found to be in the range of 0.034–0.74 depending on the atomic percentage and the value of p.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction superlattice. However, superlattice grown by thin-film deposition
Thermoelectric energy conversion is a field that can greatly ben-
efit from the nanoscale heat transport phenomenon. The efficiency
of thermoelectric conversion for a material is measured by a non-
dimensional figure of merit (ZT) defined as, ZT = rS2T/k where r is
the electrical conductivity, S is the Seebeck coefficient, T is the
temperature, and k is the thermal conductivity [1]. During the last
decade, advances have been made in increasing ZT using nanostruc-
tures [2–7]. This was achieved by reducing the phonon thermal con-
ductivity more than the electrical conductivity [8]. Although the
decrease in thermal conductivity may be due to several effects such
as the phonon group velocity reduction caused by the spectrum
change, the interface thermal resistance and interface scattering,
phonon interference and tunneling, and dislocations, it is found that
scattering of energy carriers at interfaces plays the most important
role [9]. The reduction in the effective thermal conductivity en-
hances the thermoelectric energy conversion.

The nanostructure configuration that show potential for
enhancing ZT consists of multilayered thin films of different mate-
rials with thickness ranging from a monoatomic layer to thousands
of angstroms called superlattice. Recent experimental studies [5,6]
have demonstrated significant enhancement of ZT with Bi2Te3/
Sb2Te3 superlattice in the cross-plane direction and PbTe/PbTeSe
quantum dot superlattice along the film plane direction. Venkata-
subramanian et al. [6] has reported a ZT of 2.4 for Bi2Te3–Sb2Te3
ll rights reserved.
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techniques is not suitable for large scale applications due to its
high manufacturing cost and difficulty to scale up for large scale
applications. Nanocomposites offer a more economical alternative
to superlattice in the quest for high ZT materials [10]. The features
that make nanowire composites attractive for thermoelectric
application are the ‘size-effect’ and ‘effect of atomic percentage’
which imply that the effective thermal conductivity of the nano-
wire depends on the material dimension as well as the atomic per-
centage of the wire. This remarkable feature of nanocomposites
can be used to tailor the mechanical, thermal, and electrical prop-
erties which are best suited for a particular application.

Despite the importance of nanocomposites for thermoelectric
applications, only a few experimental and numerical studies exist
in the literature on the thermal characteristics of nanocomposites.
Most of the computational studies on thermal transport using the
particle based Boltzmann transport equation (BTE) have focused
mainly on thin films, superlattices, and crystals [11–14]. Yang
and Chen [15] have performed numerical simulations of cross-
plane heat transport in a two-dimensional Ge–Si nanocomposite
with an array of silicon wires embedded in a host material of Ger-
manium. Yang et al. [16] report numerical simulation of Ge–Si core
shell and tubular nanowires with heat transport along the axis of
the wire. In both cases, the interfaces are treated as totally diffuse
and their results show the effective thermal conductivity of the
Ge–Si nanowire to be more than the superlattice for Si atomic per-
centage of 0.2. Recently, Prasher [17] has developed an analytical
method for estimating the longitudinal thermal conductivity in
nanowires and nanopores.
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Nomenclature

Chemical symbols
Bi2Te3 bismuth telluride
Ge germanium
Sb2Te3 antimony telluride
Si silicon

Roman symbols
a lattice constant
AP atomic percentage
C volumetric specific heat (J/m3 K)
Dp density of states per unit volume (m�3)
f phonon distribution function
�h Planck’s constant divided by 2p (1.054 � 10�34 J s/pho-

non)
I phonon intensity (W m�2 sr�1)
I* non-dimensional phonon intensity
k thermal conductivity (W/mK)
kB Boltzmann constant (1.38 � 10�23 J/K phonon)
Kn Knudsen number (K/L)
L material dimension
Lp superlattice period thickness (m)
Lw nanocomposite wire size (m)
~n normal vector
N/ number of discrete azimuthal angular divisions
Nh number of discrete polar angular divisions
NC nanocomposite
p interface specularity parameter
q heat flux (W/m2)
Qx heat flow in the x-direction (W)
q�x non-dimensional heat flux

qx=vCðTðx ¼ LBi2Te3
Þ � Tðx ¼ 0ÞÞ

� �
qs heat flux per solid angle (W m�2 sr�1)
~r position vector
Rd diffuse reflectivity
Rs specular reflectivity
~s phonon direction vector
S Seebeck coefficient (lV/K)
SL superlattice
T absolute temperature (K)
T average temperature (K)
TBR thermal boundary resistance
Tr reference temperature (K)
T* non-dimensional temperature ½ðT � TrÞvCLSb2Te3

=Qx�
t time (s)

Td diffuse transmissivity
Ts specular transmissivity
U volumetric internal energy (J/m3)
V volume (m3)
v average phonon group velocity (m/s)
wh quadrature weight corresponding to the polar angle
w/ quadrature weight corresponding to the azimuthal an-

gle
x coordinate
y coordinate
x* non-dimensional x-coordinate ½x=LBi2Te3

�
y* non-dimensional y-coordinate ½y=LBi2Te3

�
ZT non-dimensional figure of merit

Greek symbols
b grid compression factor
d interface roughness (m)
g y-directional cosine
h polar angle (rad)
K phonon mean free path (m)
k phonon wavelength (m)
l x-directional cosine
r electrical conductivity (S/m)
s frequency independent phonon relaxation time
/ azimuthal angle (rad)
x phonon frequency (Hz)
f acoustic impedance

Subscripts
b boundary
c phonon scattering
d diffuse interface
eq equilibrium
g phonon generation
h host (Bi2Te3)
i interface
p polarization mode
r phonon reflection
s specular interface
U umklapp scattering
w wire (Sb2Te3)
x x-coordinate
y y-coordinate
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The main objective of the present work is to extend the general
framework of thermal modeling of superlattice to simulate heat
transport in Bi2Te3–Sb2Te3 nanowire composite. The heat transport
in the cross-plane direction of Bi2Te3–Sb2Te3 superlattice is mod-
eled and its thermal conductivity is compared with the experimen-
tal result [18]. The simulations are extended to Bi2Te3–Sb2Te3

nanowire composites, to understand the temperature and heat flux
distributions as well as the effective thermal conductivity of such
nanocomposites. The effects of the wire size, interface treatment,
and atomic percentage on the thermal properties are also studied.

2. Problem description and modeling

The schematics of the superlattice and the 2-D nanowire compos-
ite chosen for the present simulations are shown in Fig. 1. The super-
lattice consists of periodically repeating stacks of Bi2Te3 on Sb2Te3

layers with heat transport across the layers. It is useful in studying
the role of interface in the reduction of thermal conductivity.
The nanowire composite consists of an array of Sb2Te3 wires
aligned parallel to each other and embedded in the host material
of Bi2Te3, as shown in Fig. 1(b). Both the wires and the host are as-
sumed to have a square cross-section. The heat transport is applied
across the direction of the wire and there is no heat flow along the
wire direction. This configuration mimics a thermoelectric device
in which the wires are aligned for the device to transport the max-
imum heat flux perpendicular to the wire axis. Thus, a 2-D thermal
energy transport is considered. For the ease of computations, the
unit cell approach [19] shown in Fig. 1(c) is used to simulate the
effect of a single wire and the surrounding host material within
the cell.

To investigate the heat transfer in nanostructures, the main en-
ergy carriers in semiconductor materials namely phonons are
modeled. Since the present study is conducted at room tempera-
ture, it is assumed that the short wavelength acoustic phonons
contribute to the heat transfer. Hence, the wave nature of phonons
is neglected and phonons are modeled as particles [20]. The
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Fig. 1. Schematic of Bi2Te3–Sb2Te3: (a) superlattice, (b) 2-D nanowire composite, and (c) unit cell.
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phonons are modeled via the BTE for the phonon intensity in the
relaxation time approximation. This involves a simplification of
the nonlinear scattering terms in the BTE through the introduction
of the BGK approximation [21]. The relaxation time approximation
does not take into account all the complex phonon–phonon scat-
tering processes and neglects the inelastic interactions of phonons
with other charge carriers. The intensity of phonon radiation, I, is
defined as the flux of energy per unit time, per unit area, and per
unit solid angle in the direction~s and related to the phonon distri-
bution function fp ~r;~s; tð Þ as [22]

I ~r;~s; tð Þ ¼ 1
4p

X3

p¼1

�hxtpfp ~r;~s; tð ÞDpðxÞ ð1Þ

where~r denotes the phonon position vector, �h is the Planck’s con-
stant divided by 2p, x is the phonon frequency, tp is the phonon
velocity corresponding to each polarization mode p, and Dp(x) is
the density of states per unit volume. The equilibrium distribution
of phonons at temperature T is represented by the Bose–Einstein
distribution [11].

For a two-dimensional system using the coordinate system shown
in Fig. 2, the frequency independent BTE can be expressed as [15]

oI
ot
þ t l oI

ox
þ g

oI
oy

� �
¼ Ieq � I

s
where Ieq ¼

1
4p

Z 2p

0

Z 1

�1
I dld/

ð2Þ

where l and g are the x- and y-direction cosines, respectively, and t
is the average phonon group velocity. The ‘gray medium’ BTE as-
sumes frequency independent phonon relaxation time and group
velocity, and hence does not account for interactions among pho-
nons of different frequencies. In the present simulations, only the
phonon–phonon Umklapp scattering time, s, is considered.

The material properties used in the computation are evaluated
using the phonon dispersion model proposed by Chen [23]. This
model uses the frequency averaged specific heat and velocity to
calculate the phonon mean free path from the relation
x
θcosμ = 

φcosθsinη = 

φ
θ

z

y

Fig. 2. Coordinate system used in the simulations.
k ¼ K
3

X
p

Z xmp

0
CxpðxÞtpðxÞdx ð3Þ

where xmp is the maximum allowable frequency corresponding to
the polarization p and is related to the Debye temperature. The pho-
non dispersion relations for Bi2Te3 and Sb2Te3 [24] are obtained
along the (111) crystal direction and are assumed isotropic in other
directions. They are approximated as sine function similar to that of
a linear atomic chain

xp ¼ xmpsin ~ka=2
� �

ð4Þ

where a is the equivalent atomic separation of an isotropic medium
which can be determined from a ¼ pð6p2=VÞ�

1
3. Here, V is the vol-

ume of the Bi2Te3 or Sb2Te3 molecule. Both Bi2Te3 and Sb2Te3 crys-
tals have two transverse and one longitudinal acoustic phonon
modes. The two transverse modes are identical along the (111)
direction for both crystals. For Bi2Te3, the Debye temperatures cor-
responding to the transverse and longitudinal acoustic phonons are
40 and 70 K respectively. For Sb2Te3, the Debye temperatures corre-
sponding to the transverse and longitudinal acoustic phonons are
20 and 60 K respectively.

The group velocity and the specific heat for each polarization
mode can be expressed as

tp ¼
xmpa

2
cos

~ka
2

 !
ð5Þ

Cxp ¼
4�h2

p2kBa3T2xmp

sin�1ðx=xmpÞ
h i2

cos ~ka=2
� � x2 exp �hx=kBTð Þ

exp �hx=kBTð Þ � 1½ �2
ð6Þ

In the calculation of phonon group velocities, only the acoustic pho-
non contribution is accounted while neglecting the optical phonon
contribution, since, the slopes of the optical phonon dispersion
curves are small. The expression for the total specific heat is ob-
tained by integrating the frequency dependant specific heat over
the entire frequency range and summing over the acoustic polariza-
tion modes

C ¼
X

p

Z xmp

0
Cxp dx ð7Þ

The mean free path can also be calculated from Eq. (3). The average
group velocity of the phonons are calculated from the expression
k ¼ 1

3 CvK, using the bulk thermal conductivity, mean free path,
and the total specific heat calculated from Eqs. (3) and (7).

The Debye model assumes a linear dispersion relationship be-
tween the phonon frequency and the wave vector. However, the
phonon dispersion model takes into account the non-linear pho-
non dispersion and therefore gives a more accurate estimate of
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the material properties. Table 1 summarizes the properties of
Bi2Te3 and Sb2Te3 calculated at 300 K. The properties calculated
using Debye model is also shown. The phonon properties obtained
from Debye model are very different from the dispersion model.

3. Numerical methodology

The solution of BTE requires knowledge of the phonon relaxa-
tion time, the group velocity and the specific heat. Existing empir-
ical models which describe the relaxation time as functions of
frequency and temperature have been proposed for conventional
semiconductor materials like silicon [22,25] but no such empirical
models are available for Bi2Te3 and Sb2Te3. Therefore, a frequency
independent relaxation time approach also referred to as the pho-
non gray medium approximation [15] is used in the present
simulations.

The BTE for phonon intensity, in the relaxation time approxima-
tion along with its constituent boundary and interface conditions is
solved to study the thermal characteristics of Bi2Te3–Sb2Te3 super-
lattices and nanocomposites. The first order upwind scheme is
used for the spatial discretization of the BTE. Euler explicit time
stepping method is used for temporal discretization to allow the
solution to reach a steady state [26]. The angular discretization is
performed through the decomposition of the polar and azimuthal
angles into discrete directions such that 0 6 h 6 p and 0 6 / 6 p
are discretized into Nh and N/ angular points, respectively. All
angular integrations are performed using Gauss–Legendre quadra-
tures [27], which discretizes the polar and azimuthal angles and
assigns suitable weights for each direction. It has been shown that
the use of Gauss–Legendre quadrature successfully resolves the
‘ray effect’ problem in phonon radiative transport [15].

In order to accurately capture the temperature jumps across the
interfaces of the two materials, a non-uniform grid with a suitable
compression [26] is used at all interfaces. A detailed spatial and
angular grid resolution study is performed to test for grid indepen-
dence of the solution. It is found that a spatial grid with 128 � 128
points and an angular decomposition with 30 � 20 points provide
the best resolution of the thermal field. Since the code uses explicit
Euler method for time stepping, a temporal resolution study has
also been performed to determine the time step that ensures accu-
rate transient solution.

The numerical solution to the BTE is computationally prohibi-
tive on a single processor due to an excessive grid size of
128 � 128 � 30 � 20. Hence, the code has been parallelized using
message passing interface (MPI) communication routines [28]
and the parallel efficiency study indicates a near-linear scaleup
from 2 to 64 processors. The parallel computations incur a CPU
time per iteration per processor of 9 s on 64 processors.

4. Interface and boundary treatment

The BTE for the phonon intensity is solved in conjunction with
suitable boundary and interface treatment. The treatment of inter-
faces between the two materials significantly affects the thermal
characteristics of the nanostructure. For totally diffuse interfaces,
the model proposed by Swartz and Pohl [29] called the diffuse mis-
Table 1
Material properties

Material Model k (W/mK) C � 106 (J/m3 K) v (m/s) MFP (Å)

Bi2Te3 Debye 1.1 1.22 2950 9.1
Dispersion 1.1 0.5 212 310

Sb2Te3 Debye 0.9 1.32 3000 6.8
Dispersion 0.9 0.53 200 254
match model (DMM) is used. This model makes an assumption
that the phonons emerging from an interface are independent of
the phonons incident on the interface. The expression derived by
Chen [9] which is valid for a wide temperature range is used to cal-
culate the diffuse transmissivity. The transmissivity of phonons
from Bi2Te3 side of the interface to Sb2Te3 side is calculated as

TdðBi2Te3 ! Sb2Te3Þ ¼
USb2Te3

tSb2Te3

UBi2Te3tBi2Te3 þ USb2Te3tSb2Te3

ð8Þ

where U is the volumetric internal energy and t denotes the phonon
group velocity.

The specular scattering off an interface is modeled using the
elastic acoustic mismatch model (AMM) [30]. The interface trans-
missivity from the Bi2Te3 side of the interface to the Sb2Te3 side
and the reflectivity inside Bi2Te3 are given by the following
relations:

TsðBi2Te3 ! Sb2Te3Þ ¼
4fBi2Te3

fSb2Te3
lBi2Te3

lSb2Te3

fBi2Te3
lBi2Te3

þ fSb2Te3
lSb2Te3

� �2 ð9Þ

RsðBi2Te3Þ ¼ 1� TsðBi2Te3 ! Sb2Te3Þ ð10Þ

where f is the acoustic impedance of the material at the interface
and l is the x-direction cosine. It is assumed that the interface scat-
tering process is elastic, i.e., the transmitted and reflected phonons
have the same frequency as the incident phonons [31]. The incident
and refracted angles obey the Snell’s law of transmission. The equa-
tions for transmissivity and reflectivity of the AMM are valid only if
the incident angle in Bi2Te3 is less than the critical angle, above
which total internal reflection takes place such that Ts(Bi2-

Te3 ? Sb2Te3) = 0 and Rs(Bi2Te3) = 1.
The interfaces between the two materials are modeled as either

totally diffuse or totally specular or as a combination of both
[29,32]. The intensity of the phonons using the DMM for diffuse
interfaces and AMM for specular interfaces are separately calcu-
lated and are combined using the interface specularity parameter
p defined by Ziman [33] as

p ¼ exp �16p3d2

k2

 !
ð11Þ

where d is the interface roughness and k is the characteristic pho-
non wavelength. Zhang [34] presents this expression with p2 in
the exponent rather than the widely quoted p3 as shown in Eq.
(11). If the specularity parameter p is zero, it indicates a totally dif-
fuse or a rough interface and a value of p equal to one indicates a
specular or a smooth interface. A real interface is neither truly dif-
fuse nor specular and hence cannot be accurately represented by
the two limits. The interfaces can be modeled as diffuse if the inter-
face roughness is greater than the phonon wavelength. However,
for Bi2Te3, the phonon wavelength is 9 Å which is larger than a
monolayer surface roughness of 2–3 Å. Even for values of interface
roughness less than the phonon wavelength, Eq. (11) predicts a high
probability for diffuse scattering. Therefore, the value of p is explic-
itly chosen to combine the diffuse and specular interface treatment
models. As an example, consider the phonon intensity leaving the
Sb2Te3 side of the interface. For a diffuse interface, from energy bal-
ance, the phonon intensity for h > 0, can be written as [15]

IdðSb2Te3Þ¼
2TsðBi2Te3! Sb2Te3Þ

p

Z p

0

Z p=2

0
IdðBi2Te3Þcoshsinhdhd/

þ2RsðSb2Te3Þ
p

Z p

0

Z p

p=2
IdðSb2Te3Þcoshsinhdhd/ ð12Þ

For a specular interface, the energy balance of phonon intensity for
a differential solid angle [23] can be written as
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IsðSb2Te3Þ ¼ TsðBi2Te3 ! Sb2Te3ÞIsðBi2Te3Þ

� cos hBi2Te3 sin hBi2Te3 dhBi2Te3

cos hSb2Te3
sin hSb2Te3

dhSb2Te3

� 	
þ RsðSb2Te3ÞIsðSb2Te3Þ ð13Þ

The intensities obtained from the DMM and AMM are combined for
a given value of p as [35]

IðSb2Te3Þ ¼ pIsðSb2Te3Þ þ ð1� pÞIdðSb2Te3Þ ð14Þ

The equation for the intensity on the Sb2Te3 side of the interface re-
duces to diffuse interface model for p = 0 and the specular interface
model for p = 1.

For the sake of computational simplicity, only a unit cell con-
sisting of a single wire material of Sb2Te3 embedded in the Bi2Te3

host, Fig. 1(c), is modeled. The continuity of heat flow across the ar-
ray of wires is modeled with the left and right boundaries of the
unit cell as periodic interfaces. This ensures cell–cell interaction
and thus the heat transport across the entire nanocomposite struc-
ture is represented by a single periodic cell. This boundary condi-
tion is also imposed on the superlattice to model the periodically
repeating nature of the film stacks.

The periodic boundary condition implies that the perturbation
of the intensity from its equilibrium value Ieq must be the same
across the periodic boundaries to ensure the condition of constant
heat flux. Mathematically, this can be expressed as

Ið0; y; h;/Þ � Ieqð0; yÞ ¼ I LBi2Te3 ; y; h;/

 �

� Ieq LBi2Te3 ; y

 �

ð15Þ

Using the relation between the equilibrium intensity Ieq and the
equilibrium temperature (T), the above equation can be written as

Ið0; y; h;/Þ � I LBi2Te3 ; y; h;/

 �

¼
CBi2Te3tBi2Te3 Tð0; yÞ � TðLBi2Te3 ; yÞ


 �
4p

ð16Þ

where C refers to the volumetric specific heat. The temperature dif-
ference across the periodic boundary ðTð0; yÞ � TðLBi2Te3 ; yÞÞ is fixed
to a constant value of 1 K.

The adiabatic boundary condition is applied to the top and the
bottom boundaries of the unit cell to ensure that the heat flows
normal to the wire [15,35] as shown in Fig. 1(b). The adiabatic con-
dition is modeled as a specularly reflecting boundary on which the
following condition for intensity is imposed:

Ix ~rb;~s; tð Þ ¼ Ix ~rb;~sr; tð Þ ð17Þ

where~sr ¼~s� 2ð~s �~nÞ~n, ~n is the outward normal vector, and~rb de-
notes the spatial coordinates of the boundary.

5. Results and discussion

The parameters that affect the thermal characteristics of the
superlattice and the nanowire composite are the Sb2Te3 film thick-
ness for the superlattice and wire size ðLSb2Te3 Þ for the nanocompos-
ite, atomic percentage of Sb2Te3, and the interface specularity
parameter p.

The atomic percentage of the wire, AP, is related to the volumet-
ric percentage of the wire, VSb2Te3 , and the lattice constant, a, as
[16]

AP ¼ VSb2Te3

VSb2Te3
þ 1� VSb2Te3


 � aSb2Te3
aBi2Te3

� � ð18Þ

For the nanowire composite, VSb2Te3 ¼
L2

Sb2Te3

L2
Bi2Te3

, where LSb2Te3 and LBi2Te3

are the lengths of the wire and host, respectively.
For the nanocomposite, the effect of wire size is studied by fix-

ing the atomic percentage while varying LSb2Te3 . The effect of atom-
ic percentage on thermal conductivity is studied by varying the
wire atomic percentages for fixed wire sizes of 25.4, 254 and
2540 Å. The wire sizes 25.4, 254 and 2540 Å correspond to wire
Knudsen number, Knw, of 10, 1 and 0.1, respectively. The Knw of
10 indicates ballistic transport inside the wire material, Knw of
0.1 indicates macroscopic regime and Knw of 1 indicates a transi-
tion regime. Each of these cases are modeled with specularity
parameters of p = 0, 0.5, 0.8, 0.9 and 1, to study the effect of the
interface treatment on the thermal characteristics of the
nanostructures.

The phonon intensity obtained from solving the BTE is then
used to determine the heat flux, temperature distribution, thermal
conductivity, and thermal boundary resistance. At nanoscales, the
temperature, as such, has no physical meaning except that it is
an indicator of the local energy density of the system. Assuming
constant specific heat, the effective temperature is obtained from
phonon intensity as

Tðx; yÞ ¼ 1
CBi2Te3tBi2Te3

X
Nh

X
N/

Iðx; y; h;/Þwhw/ ð19Þ

where wh and w/ are the weights associated with the polar and azi-
muthal directions, respectively. The heat fluxes in the x- and y-direc-
tions namely qx and qy are related to the intensity through the
relations [15]

qxðx; yÞ ¼
X

Nh

X
N/

Iðx; y; h;/Þlwhw/ ð20Þ

qyðx; yÞ ¼
X

Nh

X
N/

Iðx; y; h;/Þgwhw/ ð21Þ

The effective thermal conductivity, k, can be defined as [15]

k ¼ Q x

Tðx ¼ LBi2Te3 Þ � Tðx ¼ 0Þ
ð22Þ

and the thermal boundary resistance (TBR) is given by

TBR ¼ T iðBi2Te3Þ � T iðSb2Te3Þ
Q x

ð23Þ

where the heat flow Qx ¼
R LBi2 Te3

0 qxðx; yÞdy; T ¼ 1
LBi2Te3

R LBi2Te3
0

Tðx; yÞdy and T i denotes the interface temperature.

5.1. Thermal characteristics of Bi2Te3–Sb2Te3 superlattice

The steady-state heat transport across the Bi2Te3–Sb2Te3 super-
lattice is examined. The dispersion model is used to obtain the
phonon specific heat, velocity, and mean free path. Fig. 3 shows
the effective thermal conductivity, k, calculated using Eq. (22),
plotted as a function of the superlattice period thickness for the
atomic percentage of 0.5. This figure shows a reduction in the ther-
mal conductivity with decreasing period thickness of the superlat-
tice. Here, the period thickness denotes the combined thicknesses
of the two materials. This reduction is caused by the thermal
boundary resistance to phonon transport, when the mean free path
(MFP) of the phonons is greater than the half period thickness
[29,31]. A study of varying the specularity parameter, p, is con-
ducted to understand the effect of interface roughness on thermal
conductivity of the superlattice. This study shows an increase in
the thermal conductivity with increasing values of p. For diffuse
interface, the phonon scattering occurs in all directions. Conse-
quently, this causes a reduction in the heat flow and hence a smal-
ler value of k is obtained. Whereas, in the case of p = 1, most of the
scattering occurs along the heat flow direction resulting in higher
value of k.

The experimental data of Venkatasubramanian [18] is also
shown in Fig. 3. These data show a similar decrease in thermal
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conductivity with reducing period thickness up to 50 Å. For thick-
ness values less than 50 Å, the thermal conductivity increases and
approaches the bulk value. Although the reasons for this behavior
are not clear, some explanations pointing to the wave nature of
phonons have been offered in the literature. One of them attributes
this trend to phonon ‘localization’ effect [18]. The other explana-
tion includes formation of phonon band structures due to coherent
interference of phonon waves observed using lattice dynamics
models [36]. Hence, phonon wave effects may become dominant
for very small values of superlattice thicknesses. Since numerical
simulation using the BTE assumes phonons as particles and ex-
cludes the wave effects, the present model cannot capture this
trend observed in experiment.

The experimental data falls in between the specularity parame-
ters p = 0.8–1 for a period thickness greater than 50 Å. Although,
the experimental data are scattered within the band of 0.8–1, the
predicted thermal conductivity for p = 0.9 gives the smallest root
mean square (RMS) error of 15% when compared to data while,
p = 0 shows the maximum error of 76%. This indicates that the ac-
tual interface scattering can neither be modeled as totally diffuse
nor totally specular.

The thermal conductivity obtained using the dispersion model
is compared with the Debye model for p = 0 in Fig. 3. The Debye
model predicts thermal conductivity values which are not in
accordance with the experimental data. This is due to MFP of the
phonons calculated from the Debye model being smaller than
the superlattice thickness, even for the period thickness of 50 Å.
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Fig. 4. Temperature (T � Tr) contours for atomic percentage of 0.2
Consequently, the result with Debye model is closer to the macro-
scopic regime and cannot capture the ballistic effects observed in
the experiment.

The predicted temperature profiles, not shown, are compared
for different specularity parameters. For a fixed value of heat flux,
the diffuse interface model shows a higher temperature jump at
the interface and consequently Eq. (23) predicts a higher TBR for
the diffuse interface model. Since, the TBR is inversely related to
the thermal conductivity k, this results in a lower thermal conduc-
tivity for the diffuse interface.

5.2. Thermal characteristics of Bi2Te3–Sb2Te3 nanowire composite

Nanocomposite can be the practical alternative to superlattice
for use in semiconductors and thermoelectric devices due to its
scalability and lower manufacturing cost [10]. Superlattice con-
struction requires extreme precision in aligning and stacking the
films. For practical thermoelectric applications, nanocomposites
are a better alternative from a mechanical as well as a thermo-elec-
trical standpoint. This is because, the material properties in a nano-
composite can be tailored to achieve the desired thermal,
electrical, and mechanical properties. In this section, the thermal
characteristics of the Bi2Te3–Sb2Te3 nanowire composites are
studied.

5.2.1. Temperature and heat flux
Fig. 4(a) and (b) shows the effective temperature, T � Tr, con-

tours in the Bi2Te3–Sb2Te3 nanocomposite for an atomic percent-
age of Sb2Te3 = 0.2 and wire dimensions of LSb2Te3 ¼ 25:4 and
2540 Å, respectively. The reference temperature, Tr, is 300 K. The
temperature contours for these wire sizes correspond to the ballis-
tic regime (Knw = 10), for LSb2Te3 ¼ 25:4 Å, and the Fourier regime
(Knw = 0.1), for LSb2Te3 ¼ 2540 Å. Here, Knw indicates phonon Knud-
sen number of the wire defined as the ratio of phonon mean free
path to the wire size. Since the mean free path is different for
the host and wire materials, the Knudsen numbers are defined sep-
arately for the materials based on their respective mean free path
and dimensions. Thus for the Sb2Te3 wire, Knw ¼ KSb2Te3=ðLSb2Te3 Þ
and for the host material, Bi2Te3, Knh ¼ KBi2Te3=ðLBi2Te3 � LSb2Te3 Þ.

From the temperature contours, it can be seen that for
LSb2Te3 ¼ 25:4 Å, the interface scattering dominates the interior
scattering of phonons and therefore the contours are clustered
near the interfaces. The temperature contours for the case of
LSb2Te3 ¼ 2540 Å are relatively uniform due to negligible interfacial
scattering. The maximum and minimum temperatures occur at the
interfaces for the ballistic case, and at the boundaries for the Fou-
rier case.

To better understand the effects of scattering from the wire
interfaces, the temperature profiles are plotted at three different
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y-locations. For an atomic percentage of 0.2, these are at halfway
through the wire, denoted by y* = 0.5, through the wire top inter-
face at y* = 0.72, and through the host material at y* = 0.85. The
y-locations are different for atomic percentage of 0.8. For this
atomic percentage, the y-locations are at y* = 0.72, y* = 0.95 and
y* = 0.99, respectively.

Fig. 5 shows the temperature profiles plotted at the three y-
locations described above. At each y-location, the temperature pro-
files are compared for atomic percentages of 0.2 and 0.8. For each
atomic percentage, a comparison is made between the diffuse and
specular interfaces. As can be seen from Fig. 5(a) and (b), temper-
ature jumps occur at the interface between the host and wire and
they can be attributed to interface thermal resistance. These jumps
are not present in Fig. 5(c) due to the absence of any interface. The
profiles corresponding to the wire top interface in Fig. 5(b) show
larger temperature jumps at the interfaces as compared to the pro-
files at y* = 0.5. For the atomic percentage of 0.2, at the locations
along the wire midplane and the top interface, the left interface
has a higher temperature, and the right interface has a lower tem-
perature than the boundary temperature. There is a change in the
sign of temperature gradient along the direction of heat flow which
is similar to that obtained for the Ge–Si nanocomposite [15]. How-
ever, this is not observed for AP = 0.8.

The temperature profiles shown in Fig. 5, do not correspond to
the same heat flow. Fig. 6 shows the non-dimensional temperature
profiles, T*, for the diffuse interfaces. For a fixed wire size, at the
atomic percentage of 0.8, Knh > Knw. This implies that the host con-
tributes to additional ballistic effects. Therefore, the interface scat-
tering is more pronounced for the atomic percentage of 0.8
resulting in higher temperature jumps at the interfaces.

Fig. 7 shows the contours of normalized x-directional heat flux
q�x , where qx is the heat flux in the x-direction, for the atomic per-
centage of 0.2. The ballistic case of LSb2Te3 ¼ 25:4 Å shows an order
of magnitude higher heat flux than the Fourier case of
LSb2Te3 ¼ 2540 Å. The heat flux contours in the wire and host mate-
rials look very different for these cases. The location of the maxi-
mum heat flux is also different for the two cases. For the ballistic
case, the maximum heat flux is located near the adiabatic bound-
aries on the top and bottom and away from the interfaces. For
the Fourier case, the maximum heat flux is located at the interface
corners. Unlike the temperature distribution, which displays even
symmetry about the x-axis and odd symmetry about the y-axis,
the heat flux contours show even symmetry about both x and y
axes. The heat flow obtained by integrating the heat flux over a
fixed x-plane, remains constant along the direction of heat transfer
due to the periodic boundary conditions.
5.2.2. Thermal conductivity and figure of merit
In this section, the effects of the wire size, atomic percentage,

and temperature on the effective thermal conductivity are dis-
cussed. Fig. 8(a) and (b) shows the variation of thermal conductiv-
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Fig. 5. Temperature profiles for LSb2 Te3
¼ 25:4 Å at section passing th
ity for the nanowire and the superlattice with size, for atomic
percentages of 0.2 and 0.8, respectively. Both specular and diffuse
interfaces are examined. Unlike for the bulk composite, in which
thermal conductivity does not vary with the physical dimensions,
for nanocomposite it is size dependent. This dependence is called
the ‘classical size effect’ which refers to the size effect attributed
to the particle behavior of phonons. The variation in thermal con-
ductivity with the wire size can be used to tailor the thermal prop-
erties of nanowire composites. This helps in achieving a better heat
dissipation for nanoscale electronic devices and a more efficient
thermal energy conversion for nanoscale thermoelectric devices.

Fig. 8 shows a decrease in the effective thermal conductivity of
the nanowire, for both atomic percentages, with decreasing wire
size. This decrease is due to the increase in phonon scattering at
the interfaces with reduction in wire size. At room temperature,
for wire sizes less than 25 Å, the wave effects may have to be con-
sidered in predicting the value of k. It is seen that for values of
LSb2Te3 less than 100 Å, the values of superlattice and nanocompos-
ite thermal conductivities are very close for both atomic percent-
ages. However, a similar study conducted for the Ge–Si nanowire
composite at AP = 0.2 and p = 0 predicted a higher value of k for
the nanowire compared to the superlattice [15]. For larger wire
sizes, the thermal conductivities of the nanowire composite and
superlattice approach their respective bulk values; the bulk values
of superlattice is lower than the nanowire composite. The superlat-
tice has bulk thermal conductivity values of 1.17 and 1.11 corre-
sponding to atomic percentages of 0.2 and 0.8, respectively,
whereas the nanowire exhibits bulk values of 1.21 and 1.17,
respectively. Comparison between Fig. 8(a) and (b) shows that
for a given wire size, the thermal conductivity corresponding to
AP = 0.8 is lower than that for AP = 0.2 due to increasing ballistic
effects in the host.
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Fig. 9(a) shows the effect of the atomic percentage on thermal
conductivity for the ballistic case of LSb2Te3 ¼ 25:4 Å. The atomic
percentage is varied from 0.1 to 0.9 and compared for the two
interface specularity parameters of 0 and 1. Comparison of thermal
conductivity of the nanowire is made with the superlattice. The
thermal conductivity decreases with increasing atomic percentage.
From Eq. (18), the volumetric percentage, VSb2Te3 increases with
increasing atomic percentage. Consequently, the ballistic effects
increase in the host. This results in a higher phonon interface scat-
tering compared to the interior scattering, and hence a lower ther-
mal conductivity. Therefore, for a fixed wire size, decreasing the
host size lowers the thermal conductivity.

The effect of interface specularity parameter on the thermal
conductivity can also be obtained from Figs. 8 and 9. Compari-
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Fig. 9. Effect of (a) atomic percentage and (b) tempera
son between different values of p show that the diffuse inter-
face results in thermal conductivity lower than the specular
interface. Fig. 9(a) shows that the diffuse interface model pre-
dicts a higher thermal conductivity for the nanowire, for atomic
percentages less than 0.4, and for larger values the nanowire
and superlattice thermal conductivities become very close.
The specular interface model, on the other hand, predicts
slightly lower thermal conductivity for nanowire compared to
superlattice.

The effect of reference temperature on thermal conductivity for
the ballistic case is plotted in Fig. 9(b). The temperature dependent
bulk thermal conductivity is used to calculate the corresponding
phonon properties [24]. For p = 0, the thermal conductivity
remains nearly constant, while for p = 1, the thermal conductivity
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Table 2
Thermoelectric properties of Bi2Te3–Sb2Te3 superlattice and nanowire composite

Material Method AP p k (W/mK) S2r (10�3 W/mK2) ZT

Bi2Te3–Sb2Te3 SL Experiment [6] 0.5 – 0.22 1.76 2.4
Bi2Te3–Sb2Te3 SL Simulation 0.5 0.9 0.28 1.76 1.89
Bi2Te3–Sb2Te3 NC Simulation 0.5 0.9 0.26 1.76 2.03
Bi2Te3–Sb2Te3 NC Simulation 0.1–0.9 0–1 0.034–0.74 1.76 0.71–15.5
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increases with temperature and becomes larger than its value at
room temperature.

Table 2 shows the comparison of thermoelectric properties and
ZT for the superlattice and the nanowire composite. The wire size
of the nanocomposite, for which the thermal conductivity is calcu-
lated, is 25 Å. This is equal to the thickness of Sb2Te3 at which the
lowest thermal conductivity of 0.22 W/mK is observed experimen-
tally [6]. The computed values of k corresponding to AP = 0.5 and
p = 0.9 are 0.26 and 0.28 for the nanowire and superlattice, respec-
tively. The value of p = 0.9 is chosen since the best match between
the simulation and experiment for the superlattice is obtained for
this value. The values of k for the nanowire composite vary be-
tween 0.034 and 0.74, depending on the atomic percentage and
interface treatment. The electron properties such as the Seebeck
coefficient and electrical conductivity may actually vary for the
nanowire configuration. For the sake of comparison, we use the
power factor of superlattice [6] to estimate the ZT for the nano-
wire. Thus, assuming a power factor, S2r, equal to the superlattice
power factor, values of ZT in the range of 0.71–15.5 is obtained for
the nanowire.

6. Summary and conclusions

The heat transport in the cross-plane direction for Bi2Te3–
Sb2Te3 nanostructures has been studied by solving the Boltzmann
transport equation (BTE) for phonon intensity in the relaxation
time approximation. The phonon mean free path, group velocity,
and specific heat are calculated from the phonon dispersion model.
The interfaces are treated for specularity parameter, p, ranging
from zero (totally diffuse) to 1 (totally specular), by a combination
of the phonon intensity calculated using the diffuse mismatch
model (DMM) and the elastic acoustic mismatch model (AMM).
The motivation behind varying p is to gain understanding of the ef-
fect of interface roughness on the thermal conductivity of the
nanostructure. This may be used to fabricate the material surfaces
in experiments. For the superlattice, the calculated effective ther-
mal conductivity is compared with the experiment [18]. The best
match with the experimental data are obtained for specularity
parameter, p, of 0.9. The increase in thermal conductivity at very
small superlattice thickness observed in the experiment is attrib-
uted to phonon wave effects [18,36]. However, this cannot be cap-
tured in the present simulation by the particle model based BTE.

The computation for superlattice is extended to solve for the
heat transfer in Bi2Te3–Sb2Te3 nanocomposite with Sb2Te3 wires
embedded in the host material of Bi2Te3. The heat transfer is ap-
plied perpendicular to the axis of the wire and the nanowire is
modeled as a unit cell with periodic boundaries. The effect of the
nanocomposite wire size on the thermal characteristics is studied
by varying the size of Sb2Te3 for a fixed atomic percentage. The
effective thermal conductivity of the nanocomposite is found to
be dependent on the wire size, unlike for the bulk composite.
The thermal conductivity decreases with decreasing wire size
and for very small sizes or large atomic percentages, the wave ef-
fects have to be considered. Comparison of the results for different
interface treatments show that the diffuse interface model predicts
thermal conductivity values of up to 2–4 times smaller than the
specular interface model. The effect of Sb2Te3 atomic percentage
on thermal conductivity is also studied. It is found that for a fixed
wire size, increasing the atomic percentage of the wire results in
lower thermal conductivity of the nanocomposite. The thermal
conductivity of nanowire is found to be close to the superlattice.
The thermal conductivity with diffuse interfaces is not very sensi-
tive to the reference temperature in the range 200–800 K. The ther-
mal conductivity of Bi2Te3–Sb2Te3 nanowire composite for the wire
size of 25 Å at 300 K is in the range of 0.034–0.74 depending on the
interface specularity parameter and the atomic percentage. The
nanowire composite offers greater scalability than the superlattice
due to phonon boundary scattering in multiple dimensions. Also,
the nanocomposite is relatively more economical and suitable for
thermoelectric applications that require tailored mechanical, elec-
trical and thermal properties. These factors combined with the
prospect of enhancing the ZT make the Bi2Te3–Sb2Te3 nanowire
composite a suitable alternative to use in efficient thermoelectric
applications.
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